Abstract-The method of human-like handwriting and drawing is addressed with a three-link arm. Three strategies of trajectory planning are considered: the basic stroke method, the Bezier curve method, and the non-gradient numerical optimization method. Planar patterns of handwriting or drawing are converted into the vector form of joint angles in which sequence and speed of the movement can be designed to imitate human handwriting and drawing. A nonlinear threelink three-dimensional arm, similar to a human arm, is developed to track the planned trajectories. The feasibility of these methods is demonstrated by simulation.
INTRODUCTION
Writing and drawing, easily performed by humans, are among activities that make robots more human-like. An algorithm based on character-segmentation is proposed by S. Yussof [1] to enable robots to write printed letters. The character information is divided and stored in segments in order to break down a complicated problem into a series of simpler ones. Wang and others [2, 3] extract outline font information, directly or indirectly, from a TrueType Font (TTF) database under Windows platform or Mac OS. TrueType is an outline font standard originally developed by Apple Computer in the late 1980s as a competitor to Adobe's Type 1 fonts used in PostScript, which is currently the most common format for fonts [4] . This method, referred to as TTF method, has the advantage of using existing font databases for planning reference trajectories. However, it is not sufficiently flexible to generate arbitrary 2-D paths, as needed in handwriting or drawing (HOD) [5, 6] .
There are two generic methodologies for implementing HOD in robots: 1) Method used by humans [7] ; 2) Imitation by a master-slave system [8] .
From human's perspective, there is evidence that writing style remains the same no matter the motion is by arm, thumb or fingers [9] . There is consistency of movements in handwriting, despite major changes in motor implementation. This phenomenon, referred to as motor equivalence, is of theoretical importance because it suggests that actions are encoded in the central nervous system (CNS) in terms that more abstractive than commands to specific muscles [10] . Handwriting may be represented in terms of strokes that are encoded in relative position and spatial direction, but without any specific motoric reference. Details of motor implementation, such as stroke size or speed, may be left unspecified until the effector is known. Once the effector is known, allowances can then be made for effectorspecific complexities, such as gravity or joint segmental interaction torques, which distort trajectories in a way that depends nonlinearly on movement speed [9] . Human method implementation for the current generation of robots is a challenge and not realistic at this time.
The current work focuses on how an existing HOD can be repeated by a robotic arm. An HOD is presented as a visual input to the system. This input is then converted into the required robotic motion to regenerate the HOD as natural as possible. It appears that the issues of perception and recognition of characters [11] , as well as learning and spatial attention [12] are important for the purpose. The focus of this paper is not on these issues, but on the possible coding method of the HOD once it is available as a matrix of pixels with specified traces. A master-slave system could offer quick implementations [8] , but will not have the potential to implement HOD capabilities although human learning of HOD may be partly through observation of others.
In this paper, three methods are proposed for a robot to perform HOD, namely, the basic stroke, the Bezier curve, and the non-gradient numerical optimization methods. Following the three methods, required motion patterns (trajectory planning) of the robot end-effector, which simply called effector in the remainder of this paper, are first generated in accordance of the strokes of HOD. The planned trajectory of the effector can then be converted into the vector form of joint angles in which sequence and speed of the movement can be designed to imitate human HOD. The control mechanism at the joint level is then to achieve the desired movement and speed at the time of execution. The encoding of the motion, i.e., from the example HOD to the required motion patterns of the robot effector, is the emphasis of this paper.
The paper is organized as follows. In Section 2, the HOD problem is posed as a generic robot motion planning and control problem which consists of encoding, decoding, and motoric servoing. More importantly, three trajectory planning methods for motion encoding are presented in Section 3. Computer simulation results are presented and a robotic drawing is displayed in Section 4, while Section 5 discusses the results.
ROBOT CONTROL FORMULATION
The robotic control formulation of handwriting and drawing is considered here. The whole process contains three major steps, referred to as encoding, decoding and motoric servoing. In the encoding step, a static HOD is given as visual inputs. Three trajectory planning methods are proposed to encode this HOD into information of relative position and spatial direction of the effector. This information will be saved to memory and is effectorindependent. When needed to reproduce this HOD on a medium, the saved information is loaded and decoded using the mechanism of respective trajectory planning methods in the decoding step. In the motoric reference step, specific effectors are given. The decoded information should be located, rescaled and/or distorted on the medium plane. Writing speed is chosen based on the performance of the effector. Finally, specific commanding signals are generated to control the effectors.
This method uses a computer-adapted formulation [13] that is strictly modularized and can be expanded [14] . It can also afford a complex structure which issued to test different hypotheses about the role of CNS in HOD, and in verifying the inter-relationships between different functional modules.
The second advantage is that deficiencies, injuries and diseases [15] can be simulated. This may help diagnosis, as well as development of relief and corrective mechanisms in the long run. A third advantage is the development of objective criteria for comparison and assessment between different HOD schemes [16] .
The next pertinent issue is how the issues of scale and speed [17] are resolved and command signals are generated. A philosophical issue, at this point, is whether HOD can be assumed to be analogous to locomotion, i.e., point-to-point movement, with the additional dimension of pressure or force [18] applied to the medium. At the same time, new criteria of optimality such as information content, or readability, etc. become relevant [19] . If the analogy with locomotion holds, the next question is whether pattern generators are involved in HOD, where in CNS they may be located, and the role of the basal ganglia and the cerebellum [20] in generation of central signals issued to the spinal cord [21] . This issue will be subject of future studies.
TRAJECTORY PLANNING METHODS
Three methods of trajectory planning are considered. The objective is to transform scalar patterns with position information into the "vector" form, while the direction and speed are integrated in the vectors. The idea of charactersegmentation is used in all the three methods. The basic stroke method is the basis for the other two algorithms; the Bezier curve method is an expansion of the TTF method; the non-gradient numerical optimization method is a new idea, inspired by the vehicle guidance problem [22] .
All the derivations are presented based on a two-link planar robot for ease of communication. These methods are expandable to more complex musculoskeletal systems [23] .
A. Basic stroke method
A stroke is a single, unbroken movement or one of a series of repeated to-and-fro movements. Alphanumeric characters consist of two main types of strokes, circular arc and line segment [1] . For simplicity, circular arc and line segment are enough to produce all different alphanumeric characters with key features. In this section, the two types of strokes are mathematically discussed first, followed by a discussion on the speed of writing of the strokes.
A.1 Circular arcs
Circular arcs are segments of the circumference of circles. For particular circular arcs, trajectory of the corresponding circles can be identified first. Then, by specifying the time duration, the desired circular arcs can be constructed as reference inputs. The trajectory of a circle is defined as:
where the center of the circle is (c, d) and the radius is r. The endpoint of the effector can then be described as:
sin sin cos cos
where l 1 and l 2 are the length of the first and second links of the two-link model of the arm. Let be the desired angular velocity and the point , is where the circular arc starts. Then,
which is the angular increment at each particular time, and thus,
x t c r t
Solving the above equations with the initial condition of 
At this point, the mapping between the position domain (x(t), y(t)) and the two-link arm angle domain ( 1 (t), 2 (t)) is achieved. The positions of (x(t), y(t))generate a trajectory of circular arcs. For the integrity of the trajectory planning problem of any specific model, constraints need to be considered to ensure the feasibility of the planned trajectory because of the existence of the physical limitations.
As for the two-link planar arm model, one constraint has to be met. That is, all the points on the circular arc are reachable by the arm. Namely, If the line speed of writing is specified as , then:
where is determined by Table 1 . Using the same technique as in circular arcs, the following results can be derived:
Condition 1 Condition 2

N/A
where ()
The result of the line segment is important and will be used in both the Bezier curve and the non-gradient numerical optimization method later. For intactness, constraints should also be specified. That is, all the points on the line segment should be reachable:
A.3 Speed of writing
Before discussing the speed of writing, an example is shown here to illustrate how to write alphanumerical characters using basic stroke method. A letter P can be segmented into two strokes, a line segment starting from the bottom to the top on the left and then a semi-circle from the top down to the middle of the line segment on the right. 
Alternatively, triangular, trapezoidal or quadratic function can be used for specifying the speed. Take the quadratic function for example. The speed can be defined as:
 where 0 v is the peak speed which occurs when , and K is a parameter of choice. Let S be the length of the stroke:
where is the time duration of the stroke, chosen based on required complete time of writing. For given S and , the quadratic velocity will be:
The basic stroke method has the advantage of easy tuning for the parameters. Unfortunately, not any arbitrary curve can be decomposed into line segments and circular arcs without distortion. That leads to the Bezier curve method which we discuss below.
B. Bezier curve method
To solve more complicated cases, the Bezier curve method is discussed. Then, the mapping of speed to positions of the end point is given. Finally, the size of the curve and locations of the effector are considered.
B.1 Basic principles
A Bezier curve is a parametric curve frequently used in computer graphics [23] . Bezier curves are used for modeling smooth curves that could be scaled indefinitely, in the time domain [24] , and in animation and interface design. A series of cubic Bezier functions can approximate an arbitrary trajectory with respect to time, modulating the speed in accordance with a specified speed function (trapezoidal function) and, ultimately, interpolating to get a uniformly sampled data stream. The Bezier curve method expands the TTF method from a fixed database to an arbitrary curve.
The parametric form of the cubic Bezier curve is:
where P0, P1, P2 and P3 are the four control points of the Bezier curve. A piecewise form sub-stroke for a series of cubic Bezier curves can be implemented [25] .
The procedure of the Bezier curve method involves these steps [25] :
Step 1: Encoding involves processing the visual input of the HOD and establishing the coordinate system by extracting the contour points [26] Fig. 1 .
Note that:
1) The start point of the handwriting is chosen according to the habit of human handwriting. 2) If the current sub-stroke is the first sub-stroke, the start point of the current sub-stroke coincides with the start point of the handwriting. Otherwise, the start point of the sub-stroke is the goal point of the previous sub-stroke.
3) The goal point of the sub-stroke is located at the nearest corner of the handwriting along the moving direction. The corner is where the curvature of the handwriting changes sharply. 4) It is possible that the sub-stroke be tuned within the range of the outline. Then, the goal point of this sub-stroke should be moved closer to the start point to see whether the skeleton of the handwriting falls inside the range of the outline. 5) The number of the sub-strokes should be continuously added until the goal point of the current sub-stroke coincides with the destination of the handwriting.
At this point, the visual image of the handwriting has been encoded and saved in memory in the format of Bezier curve parameters. When the robot is commanded to reproduce the handwriting, the Bezier curve parameters should be loaded and simply plugged into the piecewise Bezier function to reproduce the trajectory in the memory coordinate. This is referred to as decoding. In the motoric reference stage, a mapping between the memory and medium coordinates should be developed first, which is a point-to-point mapping. Then the speed of writing should be considered. Finally, specific commands are generated for the robot to generate the motion of the effector, which turns the handwriting into a tracking problem for the controller of the robot. The above topics are explained in the next subsections. 
B.2 Mapping between the memory and medium coordinates
Suppose that the size of the medium is a p by q (in meters) rectangular. The left bottom corner is defined as the original of the medium coordinate. The two axes coincide with the two sides of the rectangular. The steps below should be followed to perform the mapping:
1. Select N points on the curve that are uniformly distributed with respect to time. N depends on how accurate the handwriting will be approximated by the point-to-point movement of the robot. 
The handwriting will be distorted if Then the mapped value of ( ( ), ( )) x k y k is derived by the following equation:
B.3 Speed of writing
The speed of writing is programmed by a trapezoidal function. The computational complexity of such a function is lower than other functions such as the quadratic function. Fundamentally the speed linearly accelerates at the beginning, maintains constant in the middle, and linearly reduces to zero towards the end.
The speed function can be expressed as follows: 
Where T de and T ac , are the speed turning points between the three segments, and T end is the destination point of the motion, which are chosen according to desired speed or the limit of the robotic system. The distance between every pair of successive points can be calculated using the following:
Then, the maximum velocity v max can be calculated as: kN  . For the trapezoidal velocity profile, the individual points of this time sequence can be calculated using the following recursive equations: is constructed, linear interpolation can be applied to obtain a uniform mapping between the memory and medium coordinates. Two methods have so far been introduced, the basic stroke and the Bezier curve methods, respectively. The essence of Bezier curve fitting is the inverse process of the Maclaurin expansion. A 2-D cubic Bezier curve fitting is in fact the use of two parametric polynomial-based equations to represent a specified curve. Similarly, the essence of the basic stroke method is to use 1 st order Bezier function to represent line segments mixed with 1 st order sine-basis function to represent circular arcs together to represent a specified curve. Thus, the two methods can be combined to one, which can be called the parametric representation method in general.
C. Non-gradient numerical optimization method
The non-gradient numerical optimization method is a novel method to encode HOD. This method is inspired by the problem of vehicle guidance [22] . The procedure is similar to that of the Bezier curve method. The difference is only in the algorithm to code the handwriting. The core ideas of this algorithm are elaborated in [25] . For ellipse arcs with more than 180 degrees, it is necessary to divide the arcs into two sub-strokes or more.
SIMULATIONS
In this section, a simulation for the three-link, threedimensional humanoid model is presented to prove the feasibility. The simulation is performed using the Bezier curve method only. Similar results can be achieved using the basic stroke and the non-gradient numerical optimization methods. The simulation is to draw the logo of "FC Barcelona" [27] . The result is shown in Fig. 2 . More simulation results are given in [25] . 
CONCLUSIONS
Three trajectory planning strategies: the basic stroke, the Bezier curve and the non-gradient numerical optimization method have been proposed and described for a humanoid robot to achieve motions of HOD. A high-gain state feedback controller is proposed to control the three-link, three-dimensional humanoid model. Simulation results have shown that the Bezier curve method is successful.
